Quantum symmetries that leave invariant physical transition probabilities are described by projective representations of Lie groups. The mathematical theory of projected representations for topologically connected Lie groups is reviewed and applied to the inhomogeneous symplectic group ISp(2n). The projective representations are given in terms of the ordinary unitary representations of the central extension of the group with respect to its first homotopy group direct product with its second cohomology group. The second cohomology group of ISp(2n) is the one dimensional abelian group and the central extension turns the 2n dimension abelian normal subgroup of translations of ISp(2n) into the Weyl-Heisenberg group. This is the quantum symmetry origin of the Heisenberg commutation relations that are the Hermitian representation of the Lie algebra of the Weyl-Heisenberg group.
Projective representations
A fundamental quantum property is that the physical measurable transition probabilities are given by the square of the modulus of the states. This results in a quantum phase that is responsible for quantum phenomena such as interference. Physical measurable transition probability from state α to β is given by,
The physical states Ψ are rays that are equivalence classes of states in a Hilbert space H defined up to a phase, Ψ = [|ψ ] = {e iθ |ψ }, |ψ ∈ H, θ ∈ R. Suppose that you have a representation υ of a Lie group G on H such that υ(g) : H → H :|ψ → υ(g)|ψ , g ∈ G. This induces transformations on the raysΨ = υ(g)Ψ. Then G is a symmetry group and υ is called a projective representation if it preserves the transition probabilities,
These projective representations that describe quantum symmetries also have a phase degree of freedom that are responsible for many of their uniquely quantum properties. Several basic theorems enable us to compute projective representations for symmetry groups of physical interest. First, Wigner [1] , showed that any projective representation acting on a separable Hilbert space is equivalent to a representation that is either linear and unitary or anti-linear and anti-unitary (see Appendix B of Chapter 2 in [2] ). As a Lie group that is topologically path connected to the identity does not admit anti-linear, anti-unitary representations, projective representations of connected Lie groups are always equivalent to a representation that are linear and unitary. The anti-linear, anti-unitary representations only are required for groups such as the extended Lorentz group IO(1, n) that has disconnected components.
The inhomogeneous symplectic group that is of interest in this paper is topologically path connected and so we restrict to the case of connected Lie symmetry groups that considerably simplifies the analysis. We then have the fundamental theorem that is due to the work of Bargmann [3] and Mackey [4] , [5] :
Theorem 1 The projective representations of a topologically path connected Lie group G acting on a separable Hilbert space H are equivalent to the ordinary unitary representations of its unique maximal central extensionǦ.
The essentials of the proof are as follows. The central extensionǦ of a group G is defined by the short exact sequence, e → Z i →Ǧ ρ → G → e. e is the trivial group and as the sequence is exact, i, ρ are homomorphisms such that image(i) ≃ ker(ρ). As the extension is central, Z is an abelian group that is injected into the center ofǦ, i(Z) ⊂Ǧ.
The unitary representations of an abelian group are its characters that are given by phases. Therefore, for the unitary representations of the group G, its center is realized as phases. These phases are normed to unity by the square of the modulus in the computation of the transition probabilities (1) . From this, it is straightforward to show that if ordinary unitary representations of a symmetry group G satisfy (2), then the unitary representations of any central extension ofǦ will also satisfy (2) . Conversely, if the ordinary unitary representations of a centrally extended groupǦ satisfies (2) , then the ordinary unitary representations of any group G that it is a central extension of will also satisfy (2) . Note that the complete set of unitary irreducible representations of a central extensionǦ includes the representations of G that is homomorphic to it as degenerate representations.
The central extension with respect to Z is maximal if any other admissible central extension with respect toZ is such thatZ ⊂ Z. This unique maximal central extension exists for topologically connected Lie groups [6] :
Theorem 2 The unique maximal central extensionǦ of a topologically path connected Lie group G exists and is given by the short exact sequence
where π 1 (G) is the fundamental homotopy group of G and H 2 (G, R) is the second cohomology group of G. Consequently,Ǧ is connected and simply connected.
Note that A ≃ π 1 (G) is a discrete (i.e finite or countably infinite) abelian group and A ≃ H 2 (G, R) is a continuous group that is isomorphic to A(m) for some m where A(m) is the continuous abelian group given by the reals under addition, A(m) ≡ (R m , +). The central extension with respect to just the homotopy group π 1 (G) is referred to as the topological central extension. For a connected Lie group, this defines the unique universal covering lie group G,
The central extension with respect to just the second cohomology group is referred to as the algebraic central extension. It is a local property that is completely defined by the Lie algebra. Suppose that the Lie algebra of G has a basis
These must satisfy the Jacobi identities which constrains admissible central generators and trivial extensions that are just translations of the generators X a → X a + I a are discarded. The remaining m nontrivial generators {I α }, α = 1, .., m are the generators of the abelian group that is the second cohomology group, A(m) ≃ H 2 (G, R). The unique universal covering group with this Lie algebra is the central extensionǦ.
Central extension examples
This method may be straightforwardly applied to groups of interest.
First, for the abelian group A(n), π 1 (A(n)) = e and H 2 (A(n), R) ≃ A(
2 ). This follows directly by noting that the generators A i of the Lie algebra of A(n),
Next, we consider the connected component of the inhomogeneous Lorentz group. We denote L(1, n) to be the orthochronus Lorentz group that is the connected subgroup of O(1, n). The inhomogeneous Lorentz group IL(1, n) ≃ L(1, n) ⋉ A(n + 1) has a trivial second cohomology group, H 2 (IL(1, n), R) = e. This calculation is given in [2] , [6] . The Jacobi identities involving the Lorentz generators constrain the admissible nontrivial central generators of the abelian normal subgroup to zero. The fundamental homotopy group of L(1, n) is Z 2 and so π 1 (IL(1, n)) = Z 2 . The unique maximal central extension is the cover,
where Spin(1, n) ≃ L(1, n) and, in particular, Spin(1, 3) ≃ SL(2, C). Finally, the inhomogeneous symplectic group ISp(2n) ≃ Sp(2n) ⋉ A(2n) is a connected Lie group. It has a nontrivial second cohomology group that is a one dimensional abelian group, H 2 (ISp(2n), R) ≃ A(1); the central extension of the Lie algebra admits the single nontrivial central generator I satisfying the commutation relations [A i , A j ] = δ i, j I where A i are the generators of the abelian A(2n) subgroup. This calculation is given in [7] . The unique simply connected universal covering group with this Lie algebra is the Weyl-Heisenberg group H (n). The fundamental homotopy group of Sp(2n) is Z and so π 1 (ISp(2n)) = Z. The unique maximal central extension is,
where H Sp(2n) ≃ Sp(2n) ⋉ H (n) and where H (n) ≃ A(n) ⋉ A(n + 1). The full central extension that is the universal cover is of the form
Unitary representations of central extensions
Levi's decomposition theorem [8] states that any Lie algebra may be uniquely decomposed into a semidirect sum of a semisimple algebra and a radical that is the maximum solvable ideal and this is unique up to equivalence. A direct corollary is that the unique simply connected Lie group with this Lie algebra is always equivalent to a semidirect product of a simply connected semi-simple Lie subgroup K and a simply connected solvable normal Lie subgroup N. As the central extension of a connected Lie group is simply connected, it always is of the form of this semidirect product,
Whitehead's lemma [8] establishes that the second cohomology group of any semisimple group is trivial, H 2 (K, R) ≃ e, and so H 2 (G, R) ⊂ N.
Unitary representations of semidirect product groups:
The semidirect product structure of the central extension enables us to make some general remarks about their unitary irreducible representations before specializing to the inhomogeneous symplectic group of primary interest in this paper. These unitary representations have been studied by Mackey [4] , [5] for a general class of locally compact topological groups. Our restriction here to topologically connected smooth Lie groups radically simplifies the treatment. We begin by reviewing the very well known special case of direct products of the form G ≃ K ⊗ N for which the elements satisfy g = hk = kh where g ∈ G, k ∈ K, h ∈ N. In this case, both subgroups are normal and the inner automorphisms are trivial;h = khk −1 = h andk = hkh −1 = k. The complete set of unitary irreducible representations υ of G are For a semidirect product G ≃ K ⋉N that is not a direct product, N is normal but K is not normal and the inner automorphismsh = k −1 hk are generally not trivial. Elements can always be decomposed uniquely as g = hk = kh,h = k −1 hk.
The general form of the unitary irreducible representations are:
where ρ is a nontrivial representation of some
Representations of the automorphisms are now generally nontrivial,
As the group is simply connected, its group elements are globally given by the exponentials of the generators of the Lie algebra. Suppose {X a } are a basis of the Lie algebra of N with and {Y α } are a basis of the Lie algebra of K. Then, ρ ′ (X a ) = ξ ′ (X a ) span the Hilbert space H ξ . Note that a subset of these generators X i = I i may be central generators. Therefore, by Shurr's lemma, their representation is a multiple of the identity, ξ ′ (X i ) = ξ ′ (I i ) = λ i 1, λ i ∈ R. As the ρ also act on the Hilbert space H ξ , its representations ρ ′ of the Lie algebra of K must be defined in terms of the enveloping algebra of the Lie algebra of
) for some polynomial p α . For the faithful representation, this means that Y α = p α (X a ). This must satisfy the Lie algebra of K up to factors of central generators.
Abelian normal subgroup:
The case where the normal subgroup N ≃ A(n) is an abelian group has been extensively studied. The enveloping algebra of the Lie algebra of an abelian group is abelian and therefore there the Lie algebra of a nonabelian group K cannot be nontrivially realized in its enveloping algebra. Consequently, the extension ρ is trivial, ρ(k) ≡ 1 for k ∈ K and K 0 = e. Then, the automorphism condition (12) reduces to
This is the fixed point equation in the unitary dual U(A(n)) ≃ R * n that defines the little groups K • ,
The unitary irreducible representations υ • = σ • ⊗ ξ may then be defined on the stabilizers G • ≃ K • ⊗ s N. The Mackey Theorems for semidirect products with abelian normal subgroups then state that the representations induced on the full group by these representations of the stabilizer subgroups defines the full set of unitary irreducible representations of G ≃ K ⋉ A(n).
Perfect-Mackey group:
Suppose N is nonabelian and the representation ρ exists globally on all of G,
Then, the representations υ = σ ⊗ ρ acting on H υ = H σ ⊗ H ξ are a complete set of faithful unitary irreducible representations of G. We call groups with this property perfect-Mackey groups due to the simple form of the faithful representations.
Projective representations of the inhomogeneous symplectic group
The inhomogeneous symplectic group is a smooth Lie group that is also a matrix group and therefore we can apply Theorem 1 to compute its projective representations in terms of the ordinary unitary representations of its central extension. The central extension of ISp(2n) is the group H Sp(2n) given in (6) . Note that this has the required semidirect product structure K ⋉ N given in (8) where K = Sp(2n) is the simply connected semi-simple group and N = H (n) is the simply connected solvable normal subgroup.
H Sp(2n) is a perfect-Mackey group
We establish that H Sp(2n) is a perfect-Mackey group as described above by explicitly constructing the ρ ′ representation for all of H Sp(2n) [7] , [9] . Let Z α be the generators of algebra of H (n) and W α,β the generators of the algebra of Sp(2n), α, β, .. = 1, ..., 2n. The Lie algebra of H (n) has nonzero commutators,
The Hermitian representation of the generators are denotedẐ
. As I is a central generator, by Shurr's lemma its representation isÎ = λ1 , λ ∈ R\{0} where 1 is the identity operator on H ξ . Then the representation is the familiar Heisenberg commutation relations
Define generators W α,β of Sp(2n) in terms of elements in the enveloping algebra of the Weyl-Heisenberg group, W α,β = ζ α,γ Z γ Z β + ζ β,γ Z γ Z α . The commutation relations satisfy the Lie algebra of the symplectic group up to a central factor I,
The ρ ′ Hermitian representations of generatorsŴ α,β = ζ α,γẐγẐβ + ζ β,γẐγẐα act on the Hilbert space H ξ ,
Rescaling the generatorsẐ β → 1 √ λẐ β removes the λ and (17) and (19) define the required Hermitian representation ρ ′ of the Lie algebra of H Sp(2n) acting on the Hilbert space H ξ to establish that it is a perfect-Mackey group.
Unitary representations of H Sp(2n)
By Theorem 1, the projective representations of ISp(2n) are equivalent to the ordinary unitary representation H Sp(2n). As H Sp(2n) is a perfect-Mackey group, its faithful unitary representations are
σ are ordinary unitary irreducible representations of Sp(2n),
ξ are ordinary unitary irreducible representations of H (n),
ρ are the unitary representations of Sp(2n) that satisfy (15),
Note that the defining equations for the Weil metaplectic representation arẽ
where the metaplectic group M p(2n) is the double cover of the symplectic group satisfying the short exact sequence
Sp(2n) is the cover of M p(2n) with the short exact sequence, e → Z/Z 2 → Sp(2n) π → M p(2n) → e. Then ρ =ρ•π is the ρ representation (23) of Sp(2n) that satisfies (15). These representations may be computed explicitly as described in Chapter 4 of [10] and [7] .
In principle we can compute the ordinary unitary irreducible representations σ of the cover of the symplectic group (21). These may be combined in (20) to give the faithful unitary irreducible representations of the group H Sp(2n). The degenerate representations that are the unitary representations of the groups that are homomorphic to H Sp(2n) must also be considered for a complete set of representations. These include ISp(2n) and Sp(2n). The unitary representations of the inhomogeneous group can be computed usuing the Mackey theory for abelian normal subgroups.
Summary
Our discussion started with physically measurable quantum transition probabities that are given by the square of the modulus of states. Quantum symmetries leaving the transition probabiities invariant are described by projective representations of Lie groups. The projected representations of the topologically connected Lie groups are equivalent to the ordinary unitary representations of its unique maximal central extension. This central extension is with respect to its first homotopy group direct product with its second cohomology group. The second cohomology group of the inhomogeneous symplect group is the one dimensional abelian group and the central extension turns the 2n dimension abelian normal subgroup of translations of ISp(2n) into the Weyl-Heisenberg group. This is the quantum symmetry origin of the Heisenberg commutation relations that are the Hermitian representation of the Lie algebra of the WeylHeisenberg group.
